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A NEW PROOF OF THE ASYMPTOTIC LIMIT OF THE Lp NORM OF
THE SINC FUNCTION
RON KERMAN AND SUSANNA SPEKTOR
Abstract. We improve on the inequality
1
pi
∫
∞
−∞
(
sin2 t
t2
)p
dt ≤ 1√
p
, p ≥ 1, showing that
1
pi
∫
∞
−∞
(
sin2 t
t2
)p
dt ≤ C(p)
√
3/pi√
p
, with lim
p−→∞
C(p) = 1, and indeed that
lim
p−→∞
1
pi
∫
∞
−∞
(
sin2 t
t2
)p
dt/
√
3/pi√
p
= 1.
1. Introduction
To prove by probabilistic methods that every (n− 1)-dimensional section of the unit cube
in Rn has volume at most
√
2, Ball [1] made essential use of the inequality
(1)
1
pi
∫ ∞
−∞
(
sin2 t
t2
)p
dt ≤ 1√
p
, p ≥ 1,
in which equality holds if and only if p = 1.
As we will see in the Theorem 2 below, the right side of (1) has the correct rate of decay
though the limit of the ratio of the right to left side is
√
3
pi
rather then 1. With this in mind,
we apply Ball’s methods to obtain the following improved form of (1).
Theorem 1. Let
C(p) :=

√
pi
3
, 1 ≤ p ≤ p0
1 + 1√
3pi
(
√
5/6)
2p−1
√
p−1/2√p , p > p0,
where (√
5/6
)2p0−1
√
p
0
− 1/2√p
0
=
(
1−
√
3/pi
)
pi,
so that p0 = 1.8414 to 4 D.
Then,
(2)
1
pi
∫ ∞
−∞
(
sin2 t
t2
)p
dt ≤ C(p)
√
3/pi√
p
≤ 1√
p
, p ≥ 1.
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The first two terms being equal if and only if p = 1.
Further,
lim
p−→∞
1
pi
∫ ∞
−∞
(
sin2 t
t2
)p
dt/
√
3/pi√
p
= 1.(3)
2. Symmetric B-splines and the integral
∫ ∞
−∞
(
sin2 t
t2
)p
dt
The symmetric B-splines, βn, are defined inductively by
β0(x) := χ[− 1
2
, 1
2
](x) and β
n(x) :=
∫ 1
0
βn−1(x− y)dy,
n = 1, 2, ...
Using known properties of these B-splines we obtain an asymptotic formula for our integral
as p −→∞, namely
Theorem 2.
(4)
1
pi
∫ ∞
−∞
(
sin2 t
t2
)p
dt ∼
√
3/pi√
p
, as p −→∞.
Proof. Suppose, to begin with, that p ∈ Z+, say p = n. Now,
β̂n(t) :=
∫ ∞
−∞
βn(s)e−2piitsds =
(
sin pit
pit
)n
,
so Plancherel’s theorem yields
1
pi
∫ ∞
−∞
(
sin2 t
t2
)n
dt =
∫ ∞
−∞
(
sin t
t
)2n
dt =
∫ ∞
−∞
|βn(s)|2ds.
Further, by [2, p. 89], ∫ ∞
−∞
βn(s)2ds =
∫ ∞
−∞
βn(s)βn(1)
nds = β2n(0).
Again, according to Theorem 1 in [3],
β2n
(√
2n+ 1
12
x
)
∼
√
6
pi(2n+ 1)
exp(−x2/2),
so in particular,
β2n(0) ∼
√
6
pi(2n+ 1)
∼
√
3/pi√
pi
, as n −→∞.
Finally,
∫ ∞
−∞
(
sin2 t
t2
)p
dt is a decreasing function of p, so one has
(5)
1
pi
∫ ∞
−∞
(
sin2 t
t2
)[p]+1
dt ≤ 1
pi
∫ ∞
−∞
(
sin2 t
t2
)p
dt ≤ 1
pi
∫ ∞
−∞
(
sin2 t
t2
)[p]
dt
A NEW PROOF OF THE ASYMPTOTIC LIMIT OF THE Lp NORM OF THE SINC FUNCTION 3
and hence (4), since the extreme terms in (5) are both asymptotically equal to
√
3/pi√
p
. 
3. Proof of Theorem 1
The following estimate was obtained by Ball in [1]:
1
pi
∫ 6/√5
−6/√5
(
sin2 t
t2
)p
dt ≤
√
3/pi√
p
.
Also, we have
1
pi
∫ ∞
|t|≥6/√5
(
sin2 t
t2
)p
dt ≤ 2
pi
∫ ∞
6/
√
5
t−2pdt =
1
pi
(
√
5/6)2p−1
p− 1
2
.
Altogether, then,
1
pi
∫ ∞
−∞
(
sin2 t
t2
)p
dt ≤
(
1 +
1√
3pi
(
√
5/6)2p−1√
p− 1/2√p
)√
3/pi√
p
,
with
1 +
1√
3pi
(
√
5/6)2p−1√
p− 1/2√p ≤
√
pi/3, if and only if p ≥ p0.
Finally,
lim
p−→∞
1
pi
∫ ∞
−∞
(
sin2 t
t2
)p
dt/
√
3/pi√
p
= 1,
in view of Theorem 2. 
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